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1 Introduction 



In this paper we are interested in the following stochastic differential equation: 

X t = x+ [ b(s,X s )ds + aBl I - L u t e [0,T], (1.1) 
Jo 

where B H = {Bf : t > 0} is a fractional Brownian motion (fBM) with Hurst parameter H G 
(0,1), defined on a given filtered probability space (0,7-", P;F), with F = {Tt : t > 0} being a 
filtration that satisfies the usual hypotheses (cf. e.g., [23]); and L = {Lt : t > 0} is a Poisson point 
process of class (QL), independent of 13 More precisely, we assume that L takes the form 

Lt= f [ f{s,x)N p {dsdx), t>0, (1.2) 
Jo Jr 

where / is a deterministic function, and p is a stationary Poisson point process whose counting 
measure N p is a Poisson random measure with Levy measure v. 

One of the motivations for our study is to consider a general reserve process of an insurance 
company, perturbed by an additive noise that has long term dependency. A commonly seen 
perturbed reserve (or surplus) model is of the following form: 

U t = x + c(l + p)t + eW t - L t , t€[0,T}. (1.3) 

Here x > denotes the initial surplus, T > is a fixed time horizon, and Lt denotes cumulated 
claims up to time t, c > is the premium rate, and p > is the "safety" (or expense) loading; 
and finally, W = {Wt : t > 0} is a Brownian motion, which represents an additional uncertainty 
coming from either the aggregate claims or the premium income, and e > is the perturbation 
parameter. We refer to the well-referred book |244 Chapter 13] and the references cited therein 
for more explanations of such models. 

In this paper we are particularly interested in the case where the diffusion perturbation term 
possesses long-range dependency. Such a phenomenon has been noted in insurance models based 
on the observations that the claims often display long memories due to extreme weather, natural 
disasters, and also noted in casualty insurance such as automobile third-party liability (cf. e.g., 
[HI El EH [HJ EH ESI ED] and references cited therein) . A reasonable refinement that reflects the 
long memory but also retain the original features of the aggregated claims is to assume that the 
Brownian motion W in fjl .3|) is replaced by a fractional Brownian motion B H , for a certain Hurst 
parameter H G (0, 1). In fact, if we assume further that in addition to the premium income, the 
company also receives interest of its reserves at time with interest rate r > 0, and that the safety 
loading p also depends on the current reserve value, one can argue that the reserve process X 
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should satisfy an SDE of the form of (jl.ip with 

b(t, x)=rx + c(l + p(t, x)), (t, x) £ [0, T] x R. 

The main purpose of this paper is to find the minimum conditions on the function b under 
which the SDE (jl.ip is well posed, in both weak and strong sense. In the case when L = 0, 
the SDE (jl.ip becomes one driven by an (additive) fBM and the similar issues was investigated 
by Nualart-Ouknine [22] and Hu-Nualart-Song [13]. One of the main results is that, unlike the 
ordinary differential equation case, the well-posedness of the SDE can be established under only 
some integrability conditions, and in particular, no Lipschitz continuity is required for uniqueness. 
The main idea is to use a Krylov-type estimate to obtain a comparison theorem, whence the 
pathwise uniqueness. Such a scheme was utilized by Gyongy-Pardoux [12] when studying the 
quasi-linear SPDEs, and has been a frequently used tool to treat the SDEs with non-Lipschitz 
coefficients, as an alternative to the well known Yamada-Watanabe Theorem. In fact, this method 
is even more crucial in the current case, as the usual Yamada-Watanabe Theorem type of argument 
does not seem to work due to the lack of independent increment property of an fBM. 

The main difficulty in the study of SDE (jl.ip . however, is the presence of the jumps. In the 
case when H > 1/2, Mishura and Nualart [T7] studied the existence of weak solution of SDE (jl.ip 
with L = 0, but the coefficient b has finitely many discontinuous points, but otherwise Holder 
continuous. Our result, among other things, in a sense extends their result to a more general case 
with countably many discontinuities. More importantly, we remove the extra assumption that 
H < (1 + \/5)/4 in [17] when the number of jumps is finite. To our best knowledge, the fractional 
calculus applying to SDE driven by both fBM and Poisson point process is new. 

The rest of the paper is organized as follows. In section 2 we review briefly the basics on 
fBM and some fractional calculus that is needed in this paper. In section 3 we prove a Girsanov 
theorem and in section 4 we apply it to study the existence of the weak solution. In section 5 
we address the uniqueness issue, in both weak and strong forms, and in section 6 we study the 
existence of the strong solution. 

2 Preliminaries 

In this section we review some of the basic concepts in fractional calculus and introduce the notion 
of (canonical) fractional Wiener-Poisson spaces which will be the basis of our study. Throughout 
this paper we denote E (also Ei, • • • ) for a generic Euclidean space, whose inner products and 
norms will be denoted as the same ones (•,•) and | • |, respectively; and denote || • || to be the 
norm of a generic Banach space. Let IA C E be a bounded measurable subset, we shall denote 
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L p (ZY;Ei), < p < oo to be the space of all Ei-valued measurable function denned on E 
such that J u \(j)(t)\ p dt < oo; and C n (£Y;Ei), n > 0, denotes all the Ei-valued, n-th continuously 
differentiable functions on U, with the usual sup- norm. 

1. Fractional calculus 

We begin by a brief review of the deterministic fractional calculus. We refer to the book 
Samko-Kilbas-Mariachev [25] for an exhaustive survey on the subject. We first recall some basic 
definitions. 

Let — oo < a < b < oo, and ip G L 1 ([a, &]). The integrals 

(MM = f{a)J*V^h dt ' <"> 

where T(-) is the Gamma- function and a > 0, are called fractional integrals of order a. Both 7° + 
and I?_ are the so-called Riemann-Liouville fractional integrals, and they are often called "left" 
and "right" fractional integrals, respectively. We shall denote the image of L p ([a,b}) under the 
fractional integration operator (resp. I£_) by I" + (L p ([a, b])) (resp. I£_(L p ([a, b]))). Moreover, 
in what follows we shall often use left-fractional integration, which has the following property: 

[4V„V](-) = E+'dO). « > 0, /? > 0. (2.3) 

We note that ([13]) holds for a.e. x G [a,b]. But if cp G C([a,b]), then ([23]) holds for all x G [a,b]. 

The (Riemann-Liouville) fractional derivatives are defined, naturally, as the inverse operator 
of the fractional integration. To wit, for any function / G L°([a, b]), we define 

We call T>" + f (resp. T>^_f) the Ze/f (resp. right) fractional derivative of order a, < a < 1. We 
note that if /(£) G C 1 ([a,6]), then it is easy to verify that (see, [25] p224]) 

2J« f- S | a f X f{x) ~ m dt A D a f (26) 

U "+ ! ~ T{l-a)(x-aY + T(l-a) ] a (x " ^ +/ ' 

The derivative D" + f is called Marchaud fractional derivative. We should note that the right-hand 

side of (|2.6p is not only well-defined for differentiable functions, but for example, for function f(x) 

that is Holder-/? continuous, with f3 > a. For more general functions, the fractional Marchaud 

derivative (|2.6j) should be understood as (cf. [25] ) 

flJf/ = Jm^/, (2.7) 
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where the limit is in the space LP, and 

*/](*) = w 4r S + tv" S f " f } X) dt- (2-8) 
L o+,eJJV v T(l- a)(x-a) a r(l-a)7 a (a: - i)^" v ; 

We collect some of the important properties of the fractional integral and derivative in the 
follow theorem. The proofs can be found in |25j . 



Theorem 2.1 (i) For any <p G L ([a, 6]) and < a < 1, it ZioWs that 



D a a+ I^ = lim Z>£_ ie I£_p = ^+/ a > = ^. (2.< 



(ii) For any f G I" + (L 1 ([o, 6])) and a > 0, it holds that 

l2 + D a a+ f = l2 + V a a+ f = f. (2.10) 

(Hi) Let tp G L p ([0,6]), 6 > 0, 1 < p < oo. Then ip has the representation tp(x) = 
a.e. x G [0, 6], /or some / G L p ([0, 6]), a > 0, and p(l + //) > 1 if and only if ip takes one of the 
following two forms: 

(a) iP{x) = x»[I$ + g](x), a.e. x G [0,6], g G L p ([0,6]); 

(b) ${x) = x^- £ [I^ + x £ 9l }(x), a.e. x G [0,6], g x G L 2 ([0,6]), p(l + e) > 1. ■ 



2. Fractional Wiener-Poisson space 

We recall that a stochastic process B H = {B^, t G [0, T]}, defined on a filtered probability 
space (Q,J-,¥;¥ = {J~t}t>o), is called an F-fractional Brownian motion (fBM for short) with 
Hurst parameter H G (0, 1) if 

(i) B H is a Gaussian process with continuous paths and Bq = 0; 

(ii) for each t > 0, B H is an F-adpated process satisfying EI?^ = 0, Vi > 0; 

(iii) for all s,t >0, it holds that 

E(Bf Bf ) = R H (t, s) = \{t 2H + s 2H -\t- s\ 2H ). (2.11) 

It follows from (12.11j) that E|2?/* — -B^| 2 = \t — s\ 2H , that is, B H has stationary increments. 
Furthermore, by Kolmogorov's continuity criterion, Bp has a-H61der continuous paths for all 
a < H. In particular, if H = 1/2, then B H becomes a standard Brownian motion; and if H = 1, 
then we have {B}; t > 0} ~ i > 0}, where £ ~ iV(0, 1). 

In what follows we shall consider the canonical space with respect an fBM or the fractional 
Wiener space, which we now describe. Let O = Co([0,T]), the space of all continuous functions, 
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null at zero, and endowed with the usual sup-norm. Let F t = a{oj(- A t)\ to G ft}, t > 0, F = F T , 
and is the probability measure on (ft, F) under which the canonical process 

B?(u) = u(t), (t, u) G [0, T] x ft 



is an fBM of Hurst parameter H. 
For any H G (0, 1) we define 

R H {t,s) 



I As 



K H (t,r)K H (s,r)dr, 



o 



where Kh is the square integrable kernel given by 

K H (t, s) ± T(H + V(i - s) H ^F(H -l,l- H ,H+\,l--\ 
2 ll Is 

and F(a, b, c, z) is the Gauss hyper geometric function: 



(2.12) 



(2.13) 



F(a, b, c, z) 



r(c) 



- 1 (l-u) c - b -\l- zu)' a du. 



T(b)T(c-b) 

Now, let $ be the set of all step functions on [0,T], and let ^ be the so-called Reproducing 
Kernel Hilbert space, defined as the closure of $ with respect to the scalar product 



(I[o,t],I[o,s])je' = Rja(t,s), s,t g [0,T]. 
For any H G (0, 1) and / G L 2 ([0,T]) we define a linear operator: 

(K H f)(t) = I K H (t,s)f(s)ds, t G [0,T]. 
Jo 

Also, for any / G L°([0,T]) and j3 > 0, we shall denote 

Uf(t) = tPf(t), te[o,T], 



(2.14) 



(2.15) 



(2.16) 



and/o4 /3 (L p ([0,T])) = {/ G L°([0,T\) : Iff G /^ + (L P ([0, T]))}. Then we have the following result 
(cf. e.g., Theorem 2.1] or [25, Theorem 10.4]). 

Theorem 2.2 For eac/i -ff G (0,1), the operator Kh is an isomorphism between L 2 ([0,T]) and 
/^ +1 / 2 (L 2 ([0,T])). Furthermore, it holds that 



[K H f](s) 



'iT H m H - 1/2 
C- 1/2 m 1/2 - H 



H-l/2 



(s), H < 1/2, 
if > 1/2. 



(2.17) 
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From (|2.17p it is easy to check that the inverse operator is given by 



K^h = < 



/ v 2 ->T /2 -" 



1 H-l/2 



ti G ^([0,71), if H < 1/2, 



<+" 1/2 [/ i ' ll/2 " f/ 



H-l/2 



h el, 



H~l/2,l/2-H (T \ 



0+ 



(L 1 ([0,T]))nL 1 ([0,T]), 



(2.18) 



if H > 1/2. 



(cf. e.g., [251 Theorem 10.6] and [22]). 

Next, let be the adjoint of K H on L 2 ([0,T]), that is, for any f,g £ L 2 ([0,T]), 

Vff/K*)^*)^ = [ T f(t)[K H g](t)dt. 
o ■/ o 

Then, it can be shown by Fubini and integration by parts that for any / G L 2 ([0,T]), 
[K* H f](t) = K H (T,t)(p(t) + j\f(s) - f(t))^L(s,t)ds, t G [0,T]. 

In particular, for (p,ift G we have (see, e.g., [1]) 

{K* H ip,K* H ijj) L 2 {{ ^ T)) = (<p,ip) n . 

Consequently, the operator K* u is an isometry between the Hilbert spaces ffl and L 2 ([0,T]). 
Furthermore, it can be shown that the process W = {Wt, t G [0, T]} defined by 

W t = B H ((K* H r\l m )) (2.19) 

is a Wiener process, and the process B H has an integral representation of the form 

B? = f K H (t,s)dW s , tG[0,T]. (2.20) 

JO 

We now turn our attention to the Poisson part. We first consider a Poisson random measure 
iV(-, •) on [0, T] x R, defined on a given probably space (f2, J-, P), with Levy measure v that satisfies 
the standard integrability condition: 

(1 A \x\ 2 )u(dx) < +oo. 



The compensator of N is thus the deterministic measure N(dtdx) = dtv(dx),on [0,T] x M. In 
this paper we shall be interested in Poisson point process of class (QL), namely a point process 
whose counting measure has deterministic and continuous compensator (cf. [H]). More precisely, 
in light of the representation theorem of the Poisson point process |15} Theorem II-7.4], we shall 
assume that L is a pure jump process of the following form: 

L t = I [ f{s,z)N{dsdz), t>0, 



JR\{0} 



where / E L^^dtdu) is a given deterministic function so that the counting measure of L, denoted 
by Ni{dtdx) takes the form 



N L ((0,t) x 



A)= f I l A (f(s,x))N(dsdx) = l{AL s gA}, (2.21 

0<s<t 



and its compensator is therefore Ni(dtdx) = f(t,x)N(dtdx), and hence deterministic and contin- 
uous. Furthermore, if f(s,x) = g(x), then L is a stationary Poisson point process. In particular, 
if we assume that g{x) = x and v{dz) = XF(dz), where F(-) is a finite probability measure on R, 
then L is a compound Poisson process Lt = X^Si Ui, where N is a standard Poisson process with 
intensity A, and {t/j}?^ is a sequence of i.i.d. random variables, independent of N, with common 
distribution F. Moreover, we assume that for any t > 0, it holds that 



E 



iLlfdi + e^ 7 } < oo, V/3>0, (2.22) 



where |L| t = Eo<s<t \ AL s\, t E [0,T]. 

Remark 2.3 We note that the second assumption in (|2.22|) contains in particular the compound 
Poisson case. Indeed, if Lt = Yli=i where N is a standard Poisson process with intensity 
A > 0, then we can easily calculate that 

e{ r \L\idt+s L ^} 

= muyy + mPA^ + |; E { e ^; = , Pll | Wr = t } (2 . 23) 



fc=i 



(AE^^T 3 , AE^^T 2 , ^^(e^I^I]-!) 



We can also consider the canonical space for a given Poisson point process of class (QL). Let 
£1 = D([0,T]), the space of all real- valued, cadlag (right-continuous with left limit) functions, 
endowed with the Skorohod topology, and let F = {J-~t}t>o and T be defined as the same as 
before. Let Pi, be the law of the process L on D([0, T\). Then, the coordinate process, by a slight 
abuse of notations, 

L t (u) = u(t), (t,w) E [0,T] x n, 

is a Poisson point process, defined on (0, J 7 , Px,), whose compensated counting measure is N^dtdz) = 
E[Ni{dtdz)\ = f(t,z)v(dz)dt, where v is a Levy measure and (|2.22|) holds. 
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Combining the discussions above, we now consider two canonical spaces (ft , J- 1 , ¥ b h ; F 1 ) and 
(Q 2 ,F 2 ,P L ;¥ 2 ), where ft 1 = C([0,T]) and ft 2 = B([0,T]). We define the fractional Wiener- 
Poisson space to simply be the product space: 

ft = ft 1 x ft 2 ; F = F l ®F 2 ] P = P Bff ®P L ; F t = T] ® jf, t € [0,T\. (2.24) 

We write the generical element of ft as u = (a; 1 , a; 1 ) G ft. Then, the two marginal coordinate 
processes defined by 

B?(uj)=uj l {t), L t {uj) = uj 2 (t), (t, uj) x [0, T] x ft, (2.25) 

will be the fractional Brownian motion and Poisson point process, respectively, with the given 
law. Note that under our assumptions B H and L are always independent (cf. e.g., Theorem 
II-6.3]). Also, we can assume without loss of generality that the filtration F is right continuous, 
and is augmented by all the P-null sets so that it satisfies the usual hypotheses. 

To end this section, we recall that if X is a metric space valued Gaussian process, and X i— > 
g(X) is a seminorm, such that and ¥(g(X) < oo) > 0. Then it follows from the Fernique Theorem 
(cf. [8]) that there exists e > such that E[exp(Ag 2 (X))] < oo, for all < A < e. It is then easy 
to see that for all < p < 2, one has 

E[exp(Xg p (X))} < oo, VA > 0. (2.26) 

This fact is useful in the our analysis, similar to, e.g., [22]. 

3 The Problem 

In this paper we are interested in the following stochastic differential equation with additive noise: 

X t = x+ f b(s, X s )ds + Bf — L t ,t G [0, T], (3.1) 
J o 

where b is a Borel function on [0, T] x M, B H is an fBM with Hurst parameter H G (0, 1) and L is 
a Poisson point process of class (QL), both defined on some filtered probability space (ft, J 7 , P;F). 
We assume that B and L are both F-adapted, and they are independent. We often consider the 
filtration generated by (B H ,L), denoted by Y^ bH ' L ^ = {f[ B : t > 0} where 

j,(b h ,l) A a ^ B H^ Ls ):0<s<t}, t>0, (3.2) 

and we assume that ¥^ bH,l ^ is augmented by all the P-null sets so that it satisfies the usual 
hypotheses. As usual, we have the following definitions of solutions to the SDE (|3.ip . 
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Definition 3.1 Let (Q,J-,F) be a complete probability space on which are defined an fBM B H , 
H E (0,1), and a Poisson point process L, independent of B and of class (QL). A process X 
defined on (fi, J 7 , P) is called a strong solution to 13. 1\) if 

(i) X is F( BB r ' L ) -adatped; 

(ii) X satisfies \3.1\) . F-almost surely. ■ 

Definition 3.2 A seven-tuple (Q, T , P, F, X, B H , L) is called a weak solution to \3. 1\) if 

(i) (£l,J-,P;F) is a filtered probability space; 

(ii) B H is an F-fBM, and L is an ¥ -Poisson point process of class (QL): 

(Hi) (X,B H ,L) satisfies $3. F-almost surely. ■ 

For simplicity, we often say that (X, B H , L) (or simply X) is a weak solution to (|3,1|) without 
specifying the associated probability space (Q,, P; F) when the context is clear. It is readily seen 
from (|3.ip that if (X, B H , L) is a weak solution, then F^ bH ' L ^ C F^. The well-known example of 
Tanaka indicates that the converse is not necessarily true, even in the case when H = 1/2 and 
L = 0. 

Throughout this paper we shall make use of the following Standing Assumptions: 

Assumption 3.3 The function b : [0, T] xRi->1 satisfies the following assumptions for H E 
(0, 1/2) and H E (1/2, 1), respectively: 

(i) If H < 1/2, then for some < p < 1/2, it holds that 

\b(t,x)\ < k(l + \x\ p ), V(t, x) £ [0, T] x R. (3.3) 

(ii) If H > 1/2, then b is Holder-j continuous in t and Holder-a in x, where 7 > H — 1/2, 
and 1 — < a < 1. That is, 

\b(t,x)-b(s,y)\<k(\x-y\ a + \t-sn, V(t, x), (s, y) E [0, T] x R. (3.4) 



Remark 3.4 We note that in the case when < 1/2 we do not require any regularity on the 
coefficient b. To discuss the well-posedness under such a weak condition on the coefficient is only 
possible due to the presence of the "noises" B and L (see also |22] for the case when L = 0), 
and it is quite different from the theory of ordinary differential equations, for example. ■ 
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We begin by making the following observation. Denote X = X + L, and 
b(t,x,uj) = b(t,x- L t (u)), (t,x,u)) £ [0, T] x R x fl 
Then the SDE becomes 

X t = x+ [ b(s,X s )ds + Bf I , te[0,T], (3.5) 
Jo 

Thus the problem is reduced to the case studied by [22], except that the coefficient b is now 
random. However, if we consider the problem on the canonical (Wiener-Poisson) space in which 
(B B (to), L t {oj)) = (u l (t), oj 2 (t)), t G [0, T], then we can formally consider the SDE (|3.5p as one 
on {Q l ,T l ,F B "y. 

rt 

X t = x+ b" 2 {s,X s )ds + BX, te[0,T], (3.6) 
Jo 

where b u (t,x) = b[t,x — uj 2 (t)) = b(t,x,co 2 ), for each fixed ui G O . In other words, we can apply 
the result of [22] to obtain the well-posedness for each u 2 € SI 2 , provided that the coefficient 

2 

6 W satisfies the assumptions in [22]. We should note, however, that such a seemingly simple 
argument is actually rather difficult to implement, especially for the weak solution case, due to 
some subtle measurability issues caused by the lack of regularity of b in the case H < 1/2, and 
the discontinuity of the paths of L (whence b in the temporal variable t), in the case H > 1/2. 

In the rest of this section we shall validate this argument directly in the case H < 1/2. 
Namely, we shall prove that the SDE (|3.5p possesses a weak solution, by mimicking the solution 
scheme proposed in [22]. The case H > 1/2 will be investigated separately in the next section. 
Recall from Assumption 13.31 that in the case H < 1/2 the function b satisfies (|3.3|) . Consider the 
canonical Wiener-Poisson space (fi, J",P), where P = F B " ® P L , with a given Hurst parameter 
H E (0,1/2), a Levy measure v(dz), and a deterministic function / : [0, T] x R i— »- R so that 
N L (dtdz) = K[N L (dtdz)\ = f(t,z)u(dz)dt satisfies (I2T221) . Let (B H , L) be the canonical process. 
Define ttj = —b(B B — Lt + x) and 

«t = —Kjj 1 ( jT fe(r, £f - L r + x)dr) (t) = K h 1 (J q u rdr) (t), t G [0, T], (3.7) 

where -ftT^ 1 is defined by (|2.18p . We have the following lemma. 

Lemma 3.5 Assume H < 1/2 and (E3J) is in force. Then the process v defined by A5.ty) enjoys 
the following properties: 

(1) F{^L 2 ([0,T])} = 1; 
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(2) v satisfies the Novikov condition: 



E 



1 f T 

{exp(- ^ \v t \ 2 dt)}<oo. 



(3.« 



Proof. (1) In what follows we denote C > to be a generic constant depending only the 
coefficient b, the constants in Assumption 13.31 and the Hurst parameter H ; and is allowed to 
vary from line to line. Since H < 1/2, and (|3.3|) holds, some simple computation, together with 
assumption ()2.22j) . shows that 

e[ \u t \ 2 dt = E f \b(t,Bf -L t + x)\ 2 ds< CE [ (1 + \B? - L t + x\fdt 
Jo Jo Jo 



< C 
= C 



T 



l + \x\)' z T + E I \B?\ 2 dt + E / \L\idt 



1 + |x|) 2 T + 



rp2H+l 

2H + 1 



+ E / \L\ 2 t dt 



< oo. 



Therefore, J Q T \u t \ 2 ds < oo, P-a.s. Since H < 1/2, \uf ,2 ~ H belongs to L 2 ([0,T]), P-a.s. as well. 
Thus, applying [25| Theorem 5.3] /J{ 2 ~ H \uf /2 ~ H G L«([0,r]), P-a.s., for all > 2. In particular 
-^0+ ~ H M 1/2_H G l2 ([°i t D; p - a - s - Let iV c ft be the exceptional P-null set. Then for any uj N, 
we can apply Theorem 12.11 (iii-a) to find h u E L 2 ([0,T]) such that 

Now recall from f|2. 18j) we see that this implies that for each to ^ N, it holds that 

Kh X (J q u r {u)dr)=ll^ H h". 

Thus, applying [25], Theorem 5.3] again we have K^-{J Q u r {-)dr) G L 9 ([0,T]), P-a.s., for all q > 2. 
In particular, (1) holds. 

(2) Using the Assumption 13.31 again we have, P-almost surely, 

\v s \ = \s H -V*llt H iuf l2 - H {s)\ 

= Cs H ~ 1 / 2 f\s - r)-y 2 - H r y 2 - H b{r, Bf - L r + x)dr 
Jo 

< CT l ' 2 - H (l + \x\ p +\\B H y oo + \L\ p T ), 



where H-B^Hoo = sup < s <T \B^\. Note that L and B H are independent we have 



E 



{ eXP (^ 



T 



v t 



l-l 2p )E(exp (ct 2 - 2 ^||^||^)}e{ ( 



CT 2 - 2H \L\l p 



}. (3.9) 
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Note that 2p < 1 by (|3.3p in Assumption 13.31 we have 

E{e C7°-**\L& } < E{e CT-^(|L| T+ l) } < QOj (3 1Q) 

thanks to ()2.22p . Finally, since p < 1/2 also guarantees that (|2.26|) holds for all T > 0, with 
X = B H and #(•) = || • H^,. This, together with §MB and (ETUl . proves (13. 8p . whence the lemma. 



Remark 3.6 We note that the assumption p < 1/2 is slightly stronger than that in |22j . where 
only p < 1 was assumed. This is to guarantee the finiteness of E{e' z, 'r P }. In fact, if p > 1/2, then 
even in the simplest standard Poisson case Lt = Nt we have 

A n 



EeW = Ye na '—e- x 



n=l 

If we denote a n = e" 2p ^j, then lna n = n 2p +nln\— Inn!. Since In n! < ?i In n, and lim.n_s.oo n -2 " n ^ 
0, a simple calculation then shows that 



n— >oo n— >oo ' 



lim lna n = lim {n 2p + nln A — Inn!} 



= lim {n 2p + nlnA}(l lnn " \ = +oo. 

n->oo L n zp + n In A J 

That is, a n — > +oo, and consequently Ee^ AfT ^ 2p = oo. ■ 

We can now construct a weak solution to (|3.ip . in the case < 1/2, as follows. Define 

Bf = Bf-f b{s,B" - L s + x)ds = B? + f u s ds, t E [0,T]. (3.11) 
Jo Jo 

Using the representation (|2.20p we can write 

Bf = B?+ I u s ds= [ K H {t,s)dW s + [ u s ds = [ K H (t,s)dW s , 
Jo Jo Jo Jo 

where 

W t = W t + [ {K]j\ I u s ds){r))dr = W t + [ v r dr. (3.12) 
Jo Jo Jo 

By Lemma 13.51 the process v satisfies the Novikov condition (|3.8p . Thus, if we define a new 
probability measure P on the canonical fractional Wiener- Poisson space (f2, J 7 ) by 

Sr- iW - ~\ f "H (313> 
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then, under P, W is an F-Brownian motion, and B is an F-fractional Brownian motion with 
Hurst parameter H (cf. Decreusefond and Ustunel [7]). 

Furthermore, since B H and L are independent, we can easily check, by following the arguments 
of Brownian case (cf. e.g., |26t Theorem 124], \15\ Theorem II-6.3] ) that Lt is still a Poisson 
point process of class (QL) with same parameters, and is independent of B H . We now define 
X t = x + Bf - L t , t G [0, T). Then, it follows from (f3TB that 

Bf = (X t -x + L t )- I b(t, X s )ds, te[0,T). (3.14) 

J o 

In other words, (tt, J 7 , P, F, X, B H , L) is a weak solution of (|3.ip . That is, we have proved the 
following theorem. 

Theorem 3.7 Assume H < 1/2 and that Assumption \3.3\ -(i) holds. Then for any T > 0, the 
SDE h3.1\) has at least one weak solution on [0, T]. ■ 

4 Existence of a weak solution (H > 1/2) 

In this section we study the existence of the weak solution in the case when H > 1/2, and the 
coefficient b satisfies the Assumption I3.31 (ii) (|3.4p . We note that in this case the coefficient b of 
the reduced SDE ()3.5[) will have discontinuity on the variable t, thus the Assumption 13 . 31 (ii) is no 
longer valid for b, and therefore one should not even attempt to apply the results of |22] directly. 
We shall, however, using the same scheme as in the last section to prove the existence of the weak 
solution, although the arguments is much more involved. 

Let us again start from the canonical fractional Wiener-Poisson space (Q,J-,¥,W) and let 
{B ,L) be the canonical process. For fixed consider again the process 

u t (uj) = -b(t,B?(u) - Lt(u)+x) = -bfau 1 ® -u 2 {t)+x), (t,u) G [0,T] x ft, 

and define vt(co) = Kjj 1 (^§ Q u r {uj)dr^{t), (t,u) G [0, T] x ft, where Kjj 1 is given by (|2.18p in the 
case H > 1/2. As in the previous section, we shall again argue that Lemma 13.51 holds. The main 
difference is that now the paths of u are no longer continuous, the fractional calculus will need to 
be modified. 

We first note that, by Fubini, 

¥{v G L 2 ([0,T])} = I P B "{ \v s (u\ta 2 )\ 2 ds < oo}p L (dw 2 ). 

Thus to show F{v G L 2 ([0,T])} = 1, it suffices to show that, for P L -a.e., u 2 G O 2 , it holds that 

¥ BH [£\vf(u 1 )\ 2 ds<oc} = l, 
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where (uj 1 ) = v s (u l ,u^) is the "u> 2 -section" of v t . But in light of (|2.18p . we need first show 
that, for P L -a.e. to 2 G ft 2 , / G I^ 1/2,1/2 ~ H (L\[0, T})) n ^([0, T}), ¥ B "-a.s., where 

< 2 (-) = u t (;u 2 ) = -tf^frflf (•)), (t,u x ) G [0,71 x ft 1 . (4.1) 

and 

b" 2 >*(t,y) = b(t,y-uj 2 (t)+x), (t, y) G [0, T] x R. (4.2) 

Now for each fixed w 2 G ft 2 , denote < ai(u 2 ) < ■ ■ ■ < a n (uj 2 ) < T be the jump times of 
uj 2 in (0, T), and set ao(uj 2 ) = 0, <7 n +i(u; 2 ) = T. Since we are considering only the canonical 
process L[oj 2 ) = uj 2 , we can, modulo a P L -null set, assume without of generality that uj 2 is piece 
constant. Then by Assumption 13.31 (h) we see that t h+ b u > x (t,B B ) is 7-Holder continuous on 
every interval (at, (Ti+i), i = 0, 1, • • • , n, with 7 = H — i + e for some e > 0. Thus, by virtue of 
Theorem 6.5 in [25], i^ 2 G I^ 1/2 {L 2 (ai, a i+ i)), P bH -&.s., for all i = 0, • • • ,n. It then follows 
from Theorem 13.11 of [25] that / G Iq~ 1/2 (L 2 ([0, T])), P B "-a.s. Therefore, there exists a 
P BH -null set iV C O 1 , so that for any uj 1 ^ N, we can apply Theorem 2.1 (iii)-(a) or Lemma 3.2 
in [25] to find a function h^^ 2 G L 2 ([0,T]), such that: 

K'f/^^a; 1 ) = tW-X-ufiu 1 ) = I«- 1/2 ty 2 - H h^>»\tl t G [0,T]. 

That is, / G Iq~ 1/2 ' 1/2 ~ H (Li^T])), W B " -&.s. On the other hand, since / G / ^T 1/2 (L 2 [0, T]) 
implies u^ 2 G L 2 ([0,T]), thanks to Theorem 5.3 of [25] . we conclude that ()2. 18j) holds with 
h(-) = f Q u r dr, F BH -&.s. That is, v t = K^ X (J Q u r dr)(t), t G [0, T] belongs to L 2 ([0,T]), F BH -a.s. 
Note that the argument is valid for P L -a.e. uj 2 G ft 2 , we obtain that ¥{v G L 2 ([0,T])} = 1. 

It remains to prove that the process v also satisfies the Novikov condition (|3.8p . whence 
part(2) of Lemma 13.51 We first note that on the canonical space ft 2 = B([0,T]), and under the 
probability ¥ L , the canonical process L(uj 2 ) = co 2 is a Poisson point process of class (QL). Now, 
for fixed T > 0, denote ft 2 = {uj 2 : N L ([0,T] x R)(uj 2 ) = n}; and for uj 2 G ft 2 , again denote 
< (Ji(ijJ 2 ) < • • • < cr n (o; 2 ) < T be the jump times of N(uj 2 ), and <7o(w 2 ) = 0, a n+ i(uj 2 ) = T. 
Finally, denote Sk{uJ 2 ) = Yli=i ^Lu^uj 2 ), k = 1,2, ••• and So(aj 2 ) = 0. In what follows we often 
suppress the variable uj 2 when the context is clear. 

Now recall from <^UE\i that, for H > 1/2, 

vf = K^(J' ufdr)(t) = ^- 1 / 2 J D H 4 T 1/2 K 2 ] 1/2 - H (t), t G [0,T]. (4.3) 

We shall calculate Z^~ 1/2 [ti w2 ]] 1/2 ~ B for uj 2 G ft 2 , for each n = 1, 2, • • • . To see this, fix n G N, 
and let w 2 G ft 2 . For notational simplicity, in what follows we denote 

uf' k {uj 1 ) = -b(t,B B {uj 1 )-S k ^ 1 (uj 2 )+x), {t,u x ) G [0,T] x ft 1 , k > 1, (4.4) 
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so that 

N t (uj 2 ) 

u f = E < 2 '% fe -i(^),M^))(i), t€ [0,T], P^a.s. 
fc=i 

Then, for t £ [0, cji(w 2 )), by definition ([277]) and (JZHJ) with p = 2we have 

<" 1/2 K 2 ] 1/2 ^(t) 

1 K 2 ] 1/2 -*(i) Um ff-l/2 K 2 ] 1/2 - H (t)-K 2 ] 1/2 - H (r) ir 



r(3/2 - ff) e^o r(3/2 - ff) y (t - 

I 



1 l/'f^W g- 1/2 /•* [M" 2 - 1 ] 1/2 ~ H (t) - K 2|1 ] 1/2 ~ H (r) ^ 



r(3/2 - ff) t^-V2 r(3/2 - H) J (t - r )^+V2 

= (4.5) 

Similarly, for <jfc_i(u; 2 ) < t < a^ipj 2 ) with 1 < fc < n + 1, we have 

<- 1/2 K 2 ] 1/2 " ff (t) 

1 K 3 ]V2-^( t ) if -1/2 f KY /2 - H (t)-KY /2 ~ H (r) dr 



r(3/2 - #) r(3/2 - iJ) y (t - r ) H +y 

1 [^ 2 - fc ] 1/2 ~ H (t) 

r(3/2 - iJ) t^T 2 ^ 

IT -1/2 p K 2 - fc ] 1/2 ~ H (t) - K 2 'i 1/2 ~ g (r) 



(4.6) 



r(3/2 - H ) ^ 4_ x (t-r)^+V2 
g-1/2 f K 2 ' fc ] 1/2 ~ H (t) - K 2 ' fc ] 1/2 " H (r) 

= * fc (t). 

Consequently, we obtain the following formula: 

n+l 

^ + " 1/2 K 2 ] 1/2 "^(t) = ^$ fe (t)l k _ l(w2)i , fc(wa)) (t), i e [0,T), P^-a.s., (4.7) 

fc=i 

where $j's are defined by (|4.5p and (|4.6p . We can now prove Lemma 13.51 for the case ii" > 1/2. 

Lemma 4.1 Assume that H > 1/2, and Assumption ^. OA holds. Then the conclusion of Lemma 
Iff. 51 remains valid. 



Proof. We have already proved Part (1) in the beginning of this section. We shall now check 
the Novikov condition (13.81). 
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To this end, we first fix n £ N, and ui 2 £ fi^. Then combining (|4.3p and (|4,7p we have 

n+l 



i=l 



where <3?fc's are defined by (|4.6p . But note that for each fc = 1, 2, • • • , n + 1, 

fr-i ^ p K 2 ' fe ] 1/2 "^(t) , i r i 



V r ^ 1 (t) dr= 1 j I 1 -\lu^i 



feii 1/2 



we see from (|4.6p that, for t £ [ffc-ij Cfc) it holds that 



1 \u" 2 > k f l2 - H {t) 
r(3/2 - if) ^-V2 



if -1/2 ^ p \u" 2 > k f /2 - H (t) - K 2 'i 1/2 ~ g (r) 
+ r(3/2- J f/)^l i _ 1 (t - r)«+V2 r 

H-l/2 [* lu u2 < k } 1/2 - H (t) - K 2 ' fc ] 1/2 " H (r) 1 
+ r(3/2-F) 7^ (t-r)^V2 r / 

" Cl ° 2t (t-r)^/ 2 ^ 

+ 2 y^ (* - r)^ 2 dr 

= A k {t) + B k (t), 
where Cf = , Cf = rf^|y = (if - l/2)Cf , and 

Ak(f) A ^-l/2 K '. fc] l/2- g(t) 2 ^ r ju^f 2 - H {t) 



t ^,/cjl/2-H (t) _ In ^, fc jl/2-H (r) 
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It is readily seen that (suppressing oj = (u , oj )'s) 
k-i 



\A k (t)\ 



1 



i=l 



H b(t,B t - S k -i +x) 



(t-(7 fc _l)^-V3 



fc-1 



< 



Cf J>(t, - + x) - 6(t, Bf + x)] 



i=l 



L(i- o-i-O^-Va (t_^)H-i/2 



(6(t, St - Sfc-i + x) - B t + x) 



(i - Ofc-l) 



H-l/2 



(4.11) 



fc-i 



+ 



Cf J>(t,Bf + x) 



8=1 



< Cf max |6(t, Sf - Si_i + a?) - 6(t, Sf + x)| x 



+ Ci 



H b(t,B t + x) 



Ki<k 



fc-1 

L_ CT ,.W- 



+ 



< C7(t - (Tfc-i) 1 ^^!" + Ct^ 2 - H (\b(0, x)\ + |t|T + \\B H \\^] 



+ C?t 1 ' 2 ~ H b(t,B? + 



where C is a generic constant depending on H, a, and k, thanks to Assumption 13. 31 On the other 
hand, we write B k (t) = -C{B k (t) + Sf (t)), where 



fe-i 



i=l 



CTl _ r l/2-H 

(t-r)V2+^ 



+ 



^ 6(t, J3f - + x) - 6(r, Sf - + x) i/ 2 -H dr 



o"i_i 



+t H ~ 1 / 2 b(t,B{ 1 -S k „ 1 + x) 



(t - r y/ 2 + H 

t £l/2-# _ r l/2-H 



+t H-i/2 r* 



^ (f _ r y/2+H 



-dr 



b(t, Bf_ - S k . x + x) - b(r, Bf - gfc-i + x) 

( t _ r )l/2+H 



.1/2- 



and 



feV^ (t-r)W 

, .H-l/2 [* Kr, Bf - S h -i + x) - b(r, B* - 5 fc _i + x) 1/2 _ H 
V a (t-r)V2+H 

Then, it is easy to see that, for each fixed < e < H — ^— , anc ^ denoting 

\B?-B?\ 



B h 2 {t) 



G = sup 



0<t<r<T 



\t-r 



H-e ' 
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we have 



= iS-X/2 f \B? - B?\" i/2-H dr < atl /2-5+a(MG«». ( 4 .12) 

7 (t-r)V 2 + H 



Furthermore, by the same argument as in (|4.1ip we also have 



|B*(t)| = ^ X /2 max B H _ + x) | 

l<i<fc 

fe ~ 1 "(Ti r l/2-H _ rt r l/2-H _ 

dr + — ; TTiTr, it — dr 



fc-1 



( /-t „l/2-tf _ +1/2-H 

< 06(0,^)1 +fc(itr+iBfr+ii r r)]t ff - 1/2 y (t _ r)1/2+g ^ (4.13) 







< C[|6(0,rr)| + + | Q + |L T | Q ]t 1 / 2 - H + t 7+1 / 2 - ff 



Combining (|4.12p and (|4.13p we have for any t G [0,T], 



< Ct 1/2 - H [|6(0,x)| + + + \L\% + H^G"]. (4.14) 



Now we are ready to verify Novikov condition. Combining (14. 1 1 H and (|4.14p . and denoting E n [-] 
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E[-|iVy = n], we have 



1 I 

E{exp{- J v 2 (t)dt}} 

OO Tl 

= E E 4 exp U£r t 2H ^lm + \ I t™-W n+1 (t)dt)}p(N T = n) 

n=l ^ Z k =l Ja *-l Ja " 

= EE„{exp{C7(E / (\A k (t)\ + \B k (t)\) 2 dt}p(N T = n) (4.15) 

n=l k=l J<T *-1 

n=l k=l J(T k-l 

+C j\ l - 2H {\b 2 {Q,x)\ + |t| 27 + \\B H f£ + t 2Q ^- £) G 2a )dt}}p(iVT = n) 

00 n+l 

< EE^explcEK-^) 2 - 2 ^^! 2 ? 

n=\ k=l 

+C j\ l ~ 2H {\b 2 {<d,x)\ + \t\ 2 ~< + + t 2Q ( H - e )G 2a )dt}}p(iVT = n) 

< Y^n{ exp{C(n + l) 2H - l \L\ 2 T a + G[l + \\B H \\ 2 ° + G 2a ]}}p(iV T = n) 
{ exp{G[l + \\B H f« + G 2q ]}}e{ exp{G(iV T + l) 211 ' 1 ^}} , 



n=l 

< E 



where we used the fact 

spn+\ 2-2H 2 -2iJ 



< 

n + l V n + 1 

in the third inequality. By the same argument as Lemma 3.5, it is easy to prove that e| exp{G||-B^|| 2 ^ + 

G 2a }} < 00, hence e{ exp {§ J Q T v 2 (s)ds}} < 00. 

We need show that e| explG^iVT + l) 2 ^ 1 ^ 2 ^}} < 00 • Note that a < in Assumption 

13.31 implies that 2ff — 1 + 2a < 1 , we have 

T - 2fl-l+2a- 



EexpjG^T + l)^" 1 ^! 2 ^} < Eexp{G^|^| Vl + l) °} 

i=l 

< Eexp{c(^|C^| Vl + 2)} 

i=i 

= . 2C f;E{ex P {Gj:|(C/ i |Vl)}|iV T = A : }^ 



fc=i t=i 
2C ^ (ATE[e^l vl )]) fc 

fc=i 



20 



We have the following analogues of Theorem 13.71 

Theorem 4.2 Assume if > 1/2 and that Assumption \3.3\ -(ii) holds. Then the SDE $3.1}) has at 
least one weak solution on [0, T\. ■ 



5 Uniqueness in law and pathwise uniqueness 

In this section we study the uniqueness of the weak solution. We shall first show that the weak 
solutions to (|3.ip are uniqueness in law. The argument is very similar to that of [22J, we describe 
it briefly. 

Let (X, B H , L) be a weak solutions of ()3. 1 1) . defined on some probability space (fi, J-, P; F), 
with the existence interval [0, T]. Let W be the F-Brownian motion such that 

flf = f K H (t,s)dW s , te[0,T]. (5.1) 
Jo 

Define 

v t = K] I 1 (^b(r,X r )dryt), t € [0,T\, (5.2) 

and let us assume that v satisfies the assumption (1) and (2) in Lemma 13.51 Then applying the 
Girsanov theorem we see that the process Wt = Wt + Jq v s ds, t € [0, T], is an F-Brownian motion 
under the new probability measure P, defined by 

f " - «p{ - [ <v*rt - \ [ l»,l 2 *}. (5.3) 

Thus Bf = /„* K H (t, s)dW s , t G [0, T] is an fBM under P, and it holds that 

X t + L t -x= [ b{s,X s )ds + B? = [ K H (t,s)dW s = Bf I , t e [0,T]. 

JO JO 
Since under the Girsanov transformation the process L remains a Poisson point process with the 
same parameters, and is automatically independent of the Brownian motion W under P (cf. |15( 
Theorem II-6.3] ) , we can then write X as the independent sum of B H and —L: 

X t = x + Bf I -L t , te[0,T]. 

Since the argument above can be applied to any weak solution, we have essentially proved the 
following weak uniqueness result. 
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Theorem 5.1 Suppose that Assumption \3.3\ holds. Then two weak solutions of SDE h3. 1}) must 
have the same law, over their common existence interval [0, T] . 



Proof. We need only show that the adapted process v defined by (|5,2p satisfies (1) and (2) in 
Lemma l3.51 In what follows we let C denote a generic constant depending on H, A, k, and T, and 
is allowed to vary from line to line. In the case H < |, denoting u = b(-,X.), for any t £ [0, T] we 
have 



E / \u r \ 2 dr 



E I \b(r,X r )\ 2 dr < CE [ (1 + \X r \ 2 )dr 
Jo Jo 



< CE 



1 + \x\ 2 + 



b(s, X s )ds 



+ \B*\ 2 + \L r \ 



< C 



u s \ 2 dsdr + (1 + \x\ 2 )t + 



f 



2H+1 



dr 

T 



2H + 1 +E J M** 



J |Lg*} 



< c{(l + |x| 2 ) + ^ E \u s \ 2 dsd r y 



By Growall's inequality we obtain 



E 



[ \u s \ 2 ds = E [ \b(s, X s )\ 2 ds <C{l + \x\ 2 )e CT <oo. 
Jo Jo 



Then, by the same argument as Lemma 13.51 we can check that v = K H 1 (J u r dr) satisfies (1) of 
Lemma 13.51 Furthermore, similarly to the proof Lemma 13.51 we can obtain that 

\v.\ < CT 1 ' 2 ' 11 {l + WX^), 

where ||X||oo = su Po<s<T l-^sl- Applying Grownall's inequality again it is easy to show that 

Plloo < (M + Halloo + CT+ \L\ T )e CT , (5.4) 



which then leads to (2) of Lemma 13.51 

We now assume H > | . Following the same argument of Lemma 14. H it suffices to show that 
between two jump times of L, the process u = b(-,X.) G I^_^ 2 (L 2 ([o"fc-i, ffe))), P-almost surely. 
But note that between two jumps we have, by Assumption 13.31 



\b(t,x t )-b(s,x a )\ < c{\t - s p + \X t - X s \ a } 



< C{\t-s\^+ I b(u,X u )du +\B?-Bf\ a } 



? if ion 



< C{\t-s[t+ / (|6(0,s) + \u[< + \X u -x\ a )du 



+ \b¥ - b¥ \ a 



} 



< C{\t - s| 7 + (|6(0,x)| + \Tp + ||X||« + |x| a )|t - s\ a + \B? - B"\ a }. 
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Since 7 > H — ^ and a > 1 — jjj > H — 2 5 we see that between jumps the paths 1 1— > b(t, Xt) are 
Holder continuous of order H — ^ + e for some e > 0. By the same argument as in Section 4, it 
can be checked that F{v G L 2 ([0,T])} = 1. Using the estimates 



|6(i,X t )| < C(|6(0,x)| + V + \X t -x\ a ) 



and Halloo < C(l + \x\ + \\B ||oo + |-^|t)> where C is a generic constant depending only on a, H, 
7, and T, which may vary from line to line, we deduce that 



\u s \ds < C(\b(0,x)\ +t 'r + \x\ a + \\X\\% ) ) a t a 

< C(l + |6(0, x)\ + \t\i + \x\ a + (\x\ + H^IU + \L\ T )) a T° 



< C[l + |6(0, x)| Q + ^ + \x\ a + ll^ll^ + \L\ 



Furthermore, denoting u = b(-,X.) again, one can also check that 



\A k (t)\ < Cf max \b{t, B? + / u s ds - + x) - b(t, B? + f u s ds + 
i<i<k J Jo 



X X 



(5.5) 



\y\ I I 

\^[ {t _ ai) H-i/2 (t-o^ x )»-y>\ (t-a k ^-i/2 

+C?t ll2 ~ H b(t, B? + I u s ds + x) 
Jo 

< c{(i-a,_ 1 ) 1 / 2 - // |L|? + t 1 / 2 - H (|6(0,x)| + |tr + || J B H ||« +| J \u s \ds\ a )} 

< C{(t- a k ^ 2 ~ H \L\^ + tVa-ff + tV*-* [1 + \ x \ + | 6(0 , x )| + | t |7 + | L |«]} 

< C?{(t - a k ^) l ' 2 ~ H \L\^ + t 1 ^ || B H||a + 4 l/2-H (1 + | x | + | b(0> 3.)! + | t | 7 ) J. 
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and 

rt 

-H 



B\(t)\ < max \b(t, B? + f u s ds - Si-i + x)!* 1 / 2 "" + V+ 1 ' 2 ' 
l<i<k Jo 

< Ct 1 / 2 - H {\b(0,x)\ + \t\^ + \\B H \\^ + |L r | Q + | / usdsl^} (5.6) 

< Ct l ' 2 - H [l + \x\ + |6(0,x)| + \L\% + \\B H \\^ + 



^-i/2 rUtusds + lBf-B?" 



(5.7) 



< ^-V2 c(1 + | 6(0;a;) | + | xr + || X ||a r (* ~ r) ^y" H dr + ctVW'Cg-*)^ 

JO (* - r) 1 /^+« 

< * a+ir - 1 /2c(i + |6(0, x)| + |x| Q + Halloo + |L| T ) a + Ct l l 2 - H+a{ - H -^G a 

< t a+1 ' 2 ~ H c\l + \x\ + |6(0,x)| Q + \\B H \\^ + \L\%\ + ct l/2 - H+a{H - £) G a . 

We can follow the same arguments of Lemma [4.1l to show that v also satisfies the Novikov condition 
(|3.8p . proving the theorem. ■ 



Next, we show that the pathwise uniqueness holds for solutions to (13. ip . The proof is more or 
less standard, see [TO] or we provide a sketch for completeness. 

Theorem 5.2 Suppose that Assumption \3.3\ holds. Then two weak solutions of SDE \3. 1\) defined 
on the same filtered probability space with the same driving fBM B H and Poisson point process L 
must coincide almost surely on their common existence interval. 

Proof. Let X 1 and X 2 be two weak solutions defined on the same filtered probability with the 
same driving B H and L. Define Y + = X 1 V X 2 , and Y~ = X 1 A X 2 . One shows that both 
Y + and Y~ both satisfy (|3.ip . In fact, note that X 1 — X 2 involves only Lebesgue integral, the 
occupation density formula yields that the local time of X 1 — X 2 at is identically zero. Thus, 
by Tanaka formula, 

(Xl - X 2 ) + = I (b(s,Xl) - b(s,X 2 ))I {x} _ x>0} ds. 
Jo 

Then, note that Y + = X 2 + (X 1 - X 2 ) + , we have 

Y+ = x+ f b(s,X 2 s )ds + B? -Lt+ [\b(s,Xl)-b{s,Xl))I {x i_ X 2 >0} ds 
Jo Jo 

= x+ b{s,Xl)I {x i_ X 2 >0} ds+ / b(s,X 2 )I {x i_ X 2< 0} ds + B? - L t 
Jo Jo 

= x + I b(s,Y+)ds + Bf - L t . 
Jo 
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Similarly one shows that Y t satisfies SDE (|3.ip as well. We claim that 

p{ sup (Y+ - Yf) = 0} = 1. (5.8) 

L 0<t<T J 

Indeed, if not, then p| supQ <t<T (Y t + — Yf) > o| > 0. Then, there exists a rational number r 
and t > such that ¥(Y t + > r > Yf) > 0. But since {Y t + > r} = {Yf > r} U {Y t + > r > Yf}, 
we have 

P(y+ > r ) = F(Yf > r) + P(Y+ >r>Yf)> F(Yf > r). 

This contradicts with the fact that Y^~ and Yf have the same law, thanks to Theorem 15. 11 Thus, 
(|5.8p holds, and consequently, X 1 = X 2 , P-a.s., proving the theorem. ■ 



6 Existence of strong solutions 

Having proved the existence of the weak solution and pathwise uniqueness, it is rather tempting 
to invoke the well-known Yamada-Watanabe Theorem to conclude the existence of the strong 
solution. But there seem to be some fundamental difficulties in the proof of such a result, mainly 
because of the lack of the independent increment property for an fBM, which is crucial in the 
proof. However, it is also well-known that, unlike an ODE, in the case of stochastic differential 
equations, the existence of the strong solution could be argued with assumptions on the coefficients 
being much weaker than Lipschitz, due to the presence of the "noise" . We note that the argument 
in this section is quite similar to |12j and [22], with some necessary adjustments for the presence 
of the jumps. 

We begin by observing that the SDE (|3,ip can be solved pathwisely, as an ODE, when the 
coefficient b is regular enough (e.g., continuous in (t, x), and uniformly Lipschitz in x). Second, 
we claim that, under Assumption 13.31 it suffices to prove the existence of the strong solution when 
the coefficient b is uniformly bounded. Indeed, if we consider the following family of SDEs: 

X t = x+ [ b R (s,X s )ds + Bl I -L t , te[0,T],R>0, (6.1) 
J 

where bn is the truncated version of b: bji(t,x) = b(t, (x A R) V (— R)), (t,x) G [0,T] x R, then 
for each R, bji is bounded, hence (|6.ip has a strong solution, denoted by X R , defined on [0,T], 
and we can now assume that they all live on a common probability space. Now note that for 
R\ < R2, one has b^ = b& 2 whenever \x\ < R±, thus by the pathwise uniqueness, it is easy to 
see that X? 1 = X? 2 , for t G [0, r Rl ], P-a.s., where t r = inf{t > : \Xf\ > R} A T. Therefore we 
can almost surely extend the solution to [0, t), where t = lim^—^oo tr. Furthermore, it was shown 
(see, e.g., (|5.4p ) that X will never explode on [0,r). Consequently, we must have r = T, P-a.s. 
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We now give our main result of this section. 



Theorem 6.1 Assume that b(t,x) satisfies Assumption \3.3i Then there exists a unique strong 
solution SDE JO). 



The proof of Theorem 16.11 follows an argument by Gyongy-Pardoux [T5] , using the so-called 
Krylov estimate (cf. [E]). We note that by the argument preceding the Theorem we need only 
consider the case when the coefficient b is bounded. The following lemma is thus crucial. 

Lemma 6.2 Suppose that the coefficient b satisfies Assumption ^. OA and is uniformly bounded by 
a constant C > 0. Suppose also that X is a strong solution to SDE \3. Then, there exist (3 > 1 
and 7 > 1 + H such that for any measurable nonnegative function g : [0, T] x R i— > R, it holds that 

e[ g(t,X t )dt<G( [ [ g M {t,x)dxdt) 1,M , (6.2) 
Jo Wo ii ' 

where - + ^ = 1, - H — r = 1, and G is a constant defined by 



G = jViPk 1 ' 01 , (6.3) 



A f ~ f 2 f T , nl/2 A (2tt) 1 /2-7 /2 T l+(l- 7 )H 

K= Eexp 2a 2 v 2 t dt \\ ; J = - — — . 6.4 

1 1 Jo J J v/7(l + (1 - l')H) K ' 



in which 

i^lEexol2« 2 [ T v?dt\V /2 : J t ^ 

Proof. Let (Q,^, P;F) be a filtered probability space on which are defined a fBM B , a 
Poisson point process L of class (QL) and independent of 5^, and X is the strong solution to 
the corresponding SDE (|3.ip . Let be an F-Brownian motion such that B H = f Kn(t, s)dW s . 
Recall from (|5.2[) the process v = Kjj 1 ^ j Q b(r, X r )dr^j , and define a new measure P by 

cflP a 
dP ~~ 



exp { - £ v t dW t v 2 t dt} = Zt(v). 



Then, in light of Lemmas 13.51 and 14.11 we know that P is a probability measure under which 
Wt = Wt+ Jq v r dr is a Brownian motion, B^ 1 = Kn{t, s)dW s is a fBM, and L remains a Poisson 
point process with same parameters and is independent of B . Hence, under P, Xt = x + Bf — Lt 
has the density function: 



p t (y) = [ _J_ e -0H— ) 2 /2t 2 * £ r n (z) (AtT -A t(fo {t y) £ [Q)T] x R 
where / is the density of the jump size distribution, and f* n denotes the n-th convolution of /. 
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Now, applying Holder's inequality we have 



E 



V/3 



<?(i,X t )di = E|Z T J g(t,X t )dtj < {EfZ^]} 1 /"!^ jf «^(t,X t )dt j " , (6.5) 
where 1/a + = 1. Rewriting as = K^ l { f b(r,B^ — L r + x)drj(t), we can follow 



the same argument as the proof of Lemma 3.5 and 4.1 to get, Ee 2c * 2 -fo v t dt < oo. Therefore, 
exp {2a ft v t dW t -2a 2 vfdt} is a P-martingale, and consequently, applying Holder's inequality 
we obtain 



pi p± 
E[Z|] = Eexpja / v t dW t + | / u t 2 dt} 



T 



< 



E exp | a J 

E exp | a ^ 

E exp 1 2a ^ w i (iH 7 i-2a 2 
r - 1/2 



^dt+tf-^J v *dt}, (6.6) 

/*-^~' 1/2 f 1- ^ 1/2 

y w 2 dt}) (^E exp | (2a 2 -a) y v 2 (it}) 



< oo. 



< ^Eexp|2a 2 y w t 2 dt} N 
On the other hand, applying Holder's inequality with I/7 + I/7' = 1, 7 > + 1 yields 



E / gP(t,X t )dt 







'0 



g f} {t,y)pt{y)dydt < ||/|U7([o,t]xk)I|p-(-)IIlV([o,t]x]r)- ( 6 - 7 ) 
Now, by the generalized Minkowski inequality (cf. e.g., |25} (1.33)]), we have 

n=l 



\pt{y)T dy 




< 



2nt H 
1 



H STr(z) { -^fe- Xt d z y dy 



n 



(6.8) 



2irt H 



-(y+z-x) 2 /2t 2 



n=l 



nl 



n=l 
1 



2-?rt H 



-(y+z-x) 2 /2^ 2^^ ^ 7 



dy 



1/7 7 



1/7 1 7 



The direct calculation gives 

f (—L^-e-^-^/^Y'dy = (27r) 1 /2-7'/2 (7 ' ) -i/2 t (i- 7 ')H - 

Pluggin this into (|6.8p we obtain 



n! 



(2^)1/2-7 /2 (7 ' r l/2 t (l- 7 
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Since 7 > H + 1, this leads to that 

IIP-(-)ll L y([o,T]xR)<^ /7 ', (6-9) 
where J is defined by (|6.4p . Finally, noting that Hff^H^frfo TlxK) = H^Hl^Go.tIxR)' the estimate 



(I6T2|) then follows from ([63]), ([6SD, dHZD, and ((6JD. ■ 

[Proof of Theorem \6.1[ ] Since the proof is more or less standard, we only give a sketch for the 
completeness. We refer to [16], [12] and/or [22] for more details. 

We need only prove the existence. We assume that the coefficient b is bounded (by C > 0) 
and satisfies Assumption 13.31 Let {b n (-, -)}^i be a sequence of the mollifiers of b, so that all 6 n 's 
are smooth, have the same bound C, and satisfy Assumption 13.31 with the same parameters. 

Next, for n < k we define b n k = /\j_ n bj and b n = f\*L n bj. Then clearly, each b n ^ is 
continuous, and uniformly Lipschitz in x, uniformly with respect to t. Further, it holds that 

bn,k I bn, as k — > 00, bnf b, as n — > 00, 

for almost all x. Now for fixed n, k, consider SDE 

X t = x + [ b n>k (s, X s )ds + B? -L t , t> 0. (6.10) 
J 

As a pathwise ODE, (|6.10p has a unique strong solution X n,k , and comparison theorem holds. 
That is, {X n,k } decrease with k. Furthermore, since b n ^s are uniformly bounded by C, the 
solutions X n,k are pathwisely uniformly bounded, uniformly in n and k. Thus X™ = lim^oo X^' k 
exists, for all t 6 [0,T], P-a.s. Since 6 n 's are still Lipschitz, the standard stability result of ODE 
then implies that X n solves 

X t = x + \ b n {s, X s )ds + B? -L t , te [0, T\. 
Jo 

Furthermore, the Dominated Convergence Theorem leads to that the estimate (|6.2p holds for all 
X n, s, for any bounded measurable function g. 

Next, since X n,k < X m,k , for n < m < k, we see that X n increases as n increases, thus X n 
converges, P-almost surely, to some process X. The main task remaining is to show that X solves 
SDE (|3.ip . as b is no longer Lipschitz. In other words, we shall prove that 

lim E f \b n {t,X?) -b(t,X t )\dt = 0. (6.11) 
rwoo J Q 



To see this, we first note that 



E f \bn(t,X?) - b{t,X t )\ds < iT + i?, (6.12) 
Jo 
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where 



A 



I? = supE / \b k (t,X?) - b k (t,X t )\dt, / 2 n = E / \b n (t,X t ) - b(t,X t )\dt. (6.13) 

k 











Let k : K — >• K be a smooth truncation function satisfying < k(z) < 1 for every 2, = for 
\z\ > 1 and re(0) = 1. Then by Bounded Convergence Theorem one has 

r-T 



lim E / (1 - K(X t /R))dt = 0. 



(6.14) 



Now for any R > 0, we apply Lemma 16.21 and note that both b n and b are bounded by C to get 



T 



E / «(Xt/i2)|b n (t,X t )-6(t,X t )|d* + E / (l-K(X t /R))\b n (t,X t )-b(t,X t )\dt 



T 



G 



T rR 



J-R 



b n (t,x) -b(t,x)\ 2 dxdt) +2CE / (1 - n(X t /R))dt 



.15) 



First letting n — > oo and then letting i? — > oo we get lim n _ i>00 ir? = 0. 

To show that ]im n ^. 00 If = 0, we first note that by (|6.14|) . for any e > 0, there exists Ro such 
that 

rT 

(6.16) 



E 



I \l - K(X t /R )\dt < e. 
Jo 



Second, since {b n } converge to b almost everywhere, the Bounded Convergence Theorem then 
shows that b n converges to b in L 2 -, R(j = L 2 ([0,T] x [—Rq,Rq]), hence {b n ,b} n >\ is a compact set 
in Lj, Ro . Thus, we can find finitely many bounded smooth function Hi, • • • , such that for 
each k, there is a Hi k so that 



T rRo _ .1/2 

|6 fc (i,x) - H ik (t,x)\ 2 drdt) <e 



J-i?o 



.17) 



Now, we write 



^ = E / |fe fc (t,X t n ) - b k (t,X t )\dt < h(n,k) + J 2 (n) + I 3 (fc), 



where 



Zi(n,fc) =E / |6 fc (i,*?)- H ik (t,X?)\dt; 
Jo 

h(n) = Ve / \Hj(t,X?) - Hj(t,X t )\df, 
>' =1 T ° 

/ 3 (fc) = E / |5 fc (t,X t ) - H ik (t,X t )\dt. 
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h(n,k) < G[ / / \b k (t,x)-H ik (t,x)\ 2 dxdt\) +CiE/ (1 - K(Xf> / Ro))dt, 

y Jo J-Rn ' Jo 



It is obvious that liuin^.^ I2 (n) = 0. Further, since the estimate fj6.2f) holds for all X n 's, 
similar to (|6.15p we have 

rT f R ° ,7 , „ , ,o , , A 1 / 2 
'0 J-iio 

where G is defined by (16. 3p with /?7 = 2, and Ci is a constant depending on C and maxi<j<Ar ||-ffi||oo- 
Hence, by (|6.16p . (|6.17p . and the Dominated Convergence Theorem again we have 

lim sup/i(n, k) < Ge + CiE / (1 - K{X t /R ))dt < (G + d)e. 
n ^°° fe Jo 

Similarly, we have sup fc /3(A;) < (G + Ci)e. Letting e — > we obtain limn^oo I™ = 0. The proof 

is now complete. ■ 
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